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4. The coefficient of {6m-k-r, k, r}, O<,r<,k<,m, in the analysis of 
{m} ® {v} where (v) is any partition of 6 
When (v) is a partition of 6, we have: 
(21) 1 {m} ® {v} = -6 , IN"' x: {m}"• ({m}(21)"' ... , 
• (o:) 
where the summation extends over the eleven classes (a) of the sym-
metric group of degree 6. In the following, we consider the effect of 
operating with Da, (a)=(6m-k-r, k, r), O<,r<,k<,m, on the separate 
terms on the right hand side of (21). 
(I) Applying the above lemma we simply have 
(i) Da {m}6 = 1 ~4 (k+2) (k+3) (k+4) (k-r+1) (r+1) (r+2)(r+3). 
(II) To obtain Da{m}4 {m}(21 , we first operate with {m}4, on Da, then 
operate with the resulting sum of operators on {m}(21 . Since (a) is a par-
tition of three parts we do not require S-functions of four parts in the 
expansion of {m}4• In fact we need only S-functions {4m-u-v, u, v} 
where O<,v<,u<,k. The coefficient bu.v of such an S-function is, by the 
above lemma, 
bu,v=!(u-v+1) (u+2) (v+l). 
Hence, we get 
(22) 
Comparing with (15), we have to proceed as in (II) of § 3. 
(a) k and r are both even, say k=2l and r=2s 
Interchanging the order of summations with respect to p and q so 
that we write down two summations instead of three, (22) is 
s l 
=I I !(2p-2q+1) (2p+2) (2q+l) 
s-1 s-1 
-I I !(2p-2q+1) (2p+3) (2q+2). 
q~o p~a 
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Obviously, the evaluation of such summations is not a pleasing job, and 
in fact, the correct answer is hardly got from the first attempt. The 
answer is found to be, 
(ii.a) 418 (k+2) (k+4) (r+2) [(k-r+l) (r+2) +1]. 
(b) k is even, say k=2l and r is odd, say r=2s+l 
In this case (22) is 
(ii.b) 
~ = i i !(2p-2q) (2p+2) (2q+2) 
~ ="=};~k:-~) (k+4) (k-r+ 1) (r+ 1) (r+3). 
(c) k is odd, say k = 2l + 1 and r is even, say r = 2s 
In this case (22) is 
! 8 
=! ! !(2p-2q+2) (2p+3) (2q+l) 
f>=8 a-o 
(ii.c) 1 = 48 (k+l) (r+2) [(k+5) (k-r-1) r+(k+3) (2k+7)+3r] 
1 
- 24 r(r+2) (2r+5). 
(d) k and rare both odd, say k=2l+l and r=2s+l 
In this case (22) is 
8 ! 
= ! ! !(2p-2q+.l) (2p+3) (2q+2) 
a=O ~>=« 
8 8 
(ii.d) -! ! i(2p-2q+l) (2p+2) (2q+l) 
a=O ~>=a 
= 418 (r+l) (r+3) [(k+2) (k+4) (k-r+l)-(r+2)]. 
(ill) To obtain Da{m}3 {m}<3l, we again proceed as in (II) of § 3, 
to get 
(23) 
Nine cases arise, according ask, r=O, 1 or 2 (mod 3). One typical case is 
the following. . 
When k = 3l and r = 3s, then out of nine possible sets of pairs of values 
of u and v, two sets only may contribute, namely: 
(i) u=3p, v=3q, the contribution being (u-v+ 1) as long as p<.l and 
q<.min (s, p). 
(ii) u=3p+2, v=3q+l, the contribution being -(u-v+l) as long 
as p<.s-1 and q<,p. 
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Hence, in this case (23) is 
8 I 8-1 8-1 
= ~ ~ (3p-:lq+ l)- ~ ~ (3p-3q+2) 
q=O p=q q=O p~q 
1 
= 18 (k+3) (k-r+2) (r+3). 
The nine results may be gathered in the following table: 
(iii) 18 Da{m}3 {m}<Sl 
rflc 0 1 2 (mod 3) 
0 (k+3)(k-r+2)(r+3) (k+2)(k-r+3)(r+3) (k+4)(k-r+1)(r+3) 
1 (k+3) (k-r+1) (r+2) (k+2) (k-r+2) (r+2) (k+4) (k-r) (r+2) 
2 (mod 3) (k+3) (k-r) (r+ 1) (k+2) (k-r+ 1) (r+ 1) (k+4) (k-r-1) (r+ 1) 
(IV) To obtain Da{m}2 ({m}<2>)2, we first operate with {m}2 as given 
in (16) on Da. We get 
(24) Da{m}2 ({m}<2l)2= ~ D4m-k-~+u I Dk-u Dk+ll ({m}<2>)2. 
,. D~-1-u D~ 
There are four cases. One typical case is when k = 2l and r = 2s. In· such 
a case, for a contribution we should have 'U= 2p, then (24) is 
I 
= ~ D2m-1-s+1! D1_ 11 D, { m )2. 
p=O 
Making use of the result obtained in (19), this is 
I 
= ~· (l-p+ l) (s+ 1) 
p=O 
= 116 (k+2)(k+4)(r+2). 
In this way, we obtain the following table of results: 
(iv) 16 Da{m }2 ( {m }<2>)2 
rfk 
even 
odd 
even 
(k+2) (k+4) (r+2) 
0 
odd 
(k+3) (k-r+ 1) (r+2) 
- (k+3) (r+ 1) (r+3). 
(V) To obtain Da{m}2 {m}<4>, we proceed as in (Ill) of§ 3, but here 
we have 16 cases according as k, r=O, 1, 2 or 3. (mod 4). The results 
obtained are gathered in the following table: 
(v) 4 Da{m}2 {m}'4> 
rfk 0 1 2 3 (mod 4) 
0 (k+4) (k+3) (k+2) (k-r+ 1) 
1 0 0 0 -(r+3) 
2 0 0 0 -(r+2) 
3 (mod 4) 0 0 0 - (r+ 1). 
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(VI) We now consider Da{m} {m}(2l {m}(3l. We first operate with 
{m} {m}<2l, in the reverse sense, on Da. {m} {m}<2l contains S-functions 
of three or less parts, and we require only those {3m-u-v, u, v} for 
which O<,v<,u<,k. The coefficient cu,t· of such an S-function, in the 
expansion of {m} {m}(2l, -according to a lemma due to THRALL [15, 
lemma VII] or a theorem due to FouLKES [4, th. 13, cor. 1] is given by: 
fu.v = 0 if u and v are of different parities, 
1 if u and v are both even, 
= - 1 if u and v are both odd. 
Hence, we have to evaluate 
(25) L Cu,v Dam-k-r+u+v I DDk-u 
u,v r-l-u 
Apparently there are nine cases, but the alternating values of cu,v lead 
to 36 cases corresponding to k, r=O, 1, 2, ... , 5 (mod 6). One typical case 
is, e.g., when k=6l+1, [=3(2Z)+l], and r=68+4, ==[3(28+1)+1]. 
Only two sets of pairs of values of u and v may contribute, which written 
in full are: 
V=1 U= 1, 4, 7, ... , 6l+ 1, 
v=4 U= 4, 7, ... , 6l+ I, 
v=68+4 U= 68+4, ... , 6l+1, 
and 
V=2 'lf=3, 6, 9, ... , 68+3, 
V=5 U= 6, 9, ... , 68+3, 
v=68+2 U= 68+3. 
Each pair (u, v) of the first set contributes cu.v> while each pair (u, v) 
of the second set contributes -c,,v· Substituting for cu.v we find that 
the contribution of the first set is - (8 + 1 ), while the second set, taken 
as a whole, does not contribute. That is, in the case under consideration, 
the result is - ( 8 + 1) = - i( r + 2). The other 35 cases are treated on similar 
lines. The table gathering all results is as follows: 
rfk 
0 
1 
2 
3 
4 
5 (mod 6) 
(vi) 6Dcr{m} {m}(2l {m}(3l 
0 1 2 3 4 5 (mod 6) 
(k+r+6) (k-r-1) (k+4) (k+3) (k+2) (k-r+1) 
-(k-r+1) -(k+r+4) -(k+4) -(k+3) -(k+2) -(k+r+6) 
(k+r+4) (k-r+1) (k+4) (k+3) (k+2) (k-r+3) 
(r+3) -(r+3) 0 0 0 -(r+3) 
(r+2) -(r+2) 0 0 0 -(r+2) 
(r+1) -(r+1) 0 0 0 -(r+1) 
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We note here that we could have obtained (iv) of·§ 3, by operating 
first with {m} {m}<2l on D;. and then operating 'with the result on {m}<2>, 
but we have preferred the procedure followed there, for the result in (19) 
is required in (IV), (VITI) and (X) of this article. 
(VII) To obtain Da{m} {m}<5l, we proceed as in (V) of § 3. We get 
the following results: 
(vii) Da{m} {m}<5>= 1 when k, r=O (mod 5), 
= -1 when k=4 (mod 5) and r= 1 (mod 5), 
= 0 otherwise. 
(VIII) To obtain Da({m}<2>)3, by the simplest method, we first operate 
with {m}<2>, as given in (20), on Da, and then operate with the result 
on ({m}<2>) 2• We proceed as in (IV) of this article and make use of the 
result in (19). We get the following table of results: 
rfk 
even 
odd 
even 
(k+2) (k+4) (r+2) 
0 
odd 
-(k+3) (k-r+1) (r+2) 
-(k+3) (r+1) (r+3) 
(IX) To obtain Da{m}<2> {m}<4> we first operate with {m}<2>, on Da 
and then operate with the result on {m}(4). We get the following table 
of results : · 
. (ix) 4Da{m}<2l {m}(4) 
rfk 0 1 2 3 (mod 4) 
0 (k+4) -(k+3) (k+2) - (k-r+ 1) 
1 0 0 0 -(r+3) 
2 0 0 0 (r+2) 
3 (mod 4) 0 0 0 -(r+1). 
(X) To obtain Da({m}<3>)2 we make use of the remarks in§ 2, and the 
result in (19). There are nine cases according as k, r=O, 1 or 2 (mod 3), 
and the table of results is found to be: 
(x) 9Da( {m }<3l)2 
rfk 0 1 2 (mod 3) 
0 (k+3) (r+3) - (k+ 2) (r+ 3) 0 
1 0 (k+2) (r+2) -(k+4) (r+2) 
2 (mod 3) -(k+3) (r+ 1) 0 (k+4) (r+1) 
(XI) Making use of the remarks in § 2, we simply get the following 
table of results for Da{m}<6>: 
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(xi} Da{m}<6> 
rfk 0 1 2 3 4 5 (mod 6) 
0 1 -1 0 0 0 0 
1 0 1 0 0 0 -1 
2 -1 0 0 0 0 1 
3 0 0 0 0 0 0 
4 0 0 0 0 0 0 
5 (mod 6} 0 0 0 0 0 0 
Formula (21}, the above results and the character table of the sym-
metric group of degree 6 [7, p. 266 or 9, p. 146] enable us to obtain the 
coefficient of the S-function {6m-k-r, k, r}, O.;;;r.;;;k.;;;m, in {m} ® {v} 
where (v} is any partition of 6. We have obtained tables of these coeffi-
cients for all partitions (v}, of 6, and all values 1 .;;;r.;;;k.;;; 12 (the coeffi-
cients for r=O, k.;;;12 have been obtained by MAKAR and ZEHAIRY}. 
We include here the tables for {m} ® {6} and {m} ® {16}. The coefficient 
of the S-function {6m-k-r, k, r} in {m} ® {v} is also the coefficient of 
some otherS-functions in {m} ® {v} or {m} ® {v} according to FouLKES 
theorems [4, theorems 30, 36 and 33]. When we assign to r a certain 
numerical value we can gather the results for the separate terms in (21} 
and get formulae for the coefficient of the assigned S-function (the 
formulae for the coefficient of {6m-k, k} have been obtained by MAKAR 
and ZEHAIRY}. But when r is expressed in terms of k, say r=k, k-1, ... 
we get non-simple formulae whose application to numerical cases is 
cumbersome; meanwhile the application of the above results to the 
same numerical cases is much simpler. 
(C) Coefficient of {6m-k-r, k, r} in {m} ® {6}, provided m>k 
kfr 0 1 2 3 4 5 6 7 
0 1 
1 0 0 
2 1 0 1 
3 1 
4 2 
5 2 
6 4 
7 3 
8 6 
9 6 
0 1 0 
1 3 2 4 
1 4 3 4 1 
3 7 8 12 8 11 
4 9 10 16 13 16 6 
6 15 18 28 28 36 26 
8 18 25 37 40 53 46 
8 
26 
46 
9 10 11 12 
23 
10 9 12 27 36 58 65 86 86 96 74 60 
11 9 14 33 47 72 88 117 122 142 126 115 58 
12 14 20 45 66 104 126 173 189 224 222 226 174 130 
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(D) Coefficient of {6m-k-r, k, r} in {m} ® {1 6}, provided m>k 
kfr 0 l 2 3 4 5 6 7 8 9 10 ll 12 
0 0 
l 0 0 
2 0 0 0 
3 0 0 0 0 
4 0 0 0 0 l 
5 0 0 0 0 0 0 
6 0 0 0 l 2 l 3 
7 0 0 l l 4 3 6 3 
8 0 0 l 3 6 8 12 10 10 
9 0 0 2 5 10 12 21 20 20 13 
10 0 l 3 8 17 23 34 40 45 39 32 
ll 0 l 6 12 24 34 53 60 74 72 68 39 
12 0 2 7 19 35 51 78 96 117 128 132 108 78 
We are indebted to FouLKES through his papers [3] and [ 4] without 
which we could not write this note. 
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